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A GENERALIZATION OF THE
SIEGEL-WALFISZ THEOREM

BY
LARRY JOEL GOLDSTEIN(')

Abstract. The uniform prime number theorem for primes in arithmetic progressions is
generalized to the setting of Hecke L-series.

1. Introduction. In the present paper, we will prove a generalization of the
uniform prime number theorem of Siegel and Walfisz (Walfisz [13], Prachar
[8, p. 144]) to the case of grissencharacters from an algebraic number field. Our
Main Theorem was motivated by attempts to prove certain analogues of Artin’s
conjecture on primitive roots (Artin [1, p. viii]). These analogues of Artin’s con-
jecture constitute an infinite-dimensional generalization of the Tchebotarev density
theorem (Tchebotarev [11], Hasse [5, p. 133]), and will be the subject of a subsequent
paper.

Throughout the present paper, let K be a normal algebraic number field of
finite degree n and discriminant d. Let « — «® (1 £j<n) denote the embeddings
of K into the complex field C, ordered so that the first 7, are real and the jth and
(j+ry)th are complex-conjugate. Let

n,=1, 1§j§r1,
=2, r1+1 §j§r1+r2.

For e € K*=K—{0}, let =1 (mod* %) mean that « is multiplicatively congruent
to 1 modulo the K-ideal %. Let x be a grossencharacter of K defined modulo its
conductor f;, such that for « € K*, «=1 (mod* f,), we have

ry+rg ) \m

= N o)inge

x((@)) E (lau)l) |52,

where m; € Z, ¢, € R and () is the K-ideal generated by «.
For positive numbers A4 and x define

BA) = x|lp] S A1 SjSr+r),
5 Kx) = > x®)

Npsx:(p,fp=1
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418 L. J. GOLDSTEIN [June

where p runs over prime ideals of K. For all A, #(A) contains the ideal-class
characters of K, since the ¢;=0 for such a character.
Our goal is the

MAIN THEOREM. Let A>0, e>0. Then there exists a positive constant c=c(A4, ¢),
not depending on K on y, such that for x € #(A), we have

m(x, K, x) = E(x)li(x)+ O(Dx log? x exp { —cn(log x)''?| D}), X — 00,
where the O-term constant does not depend on K or x, and
E(x) =0, X # Xo = the trivial grossencharacter,

=1L X=xo
X dy

2 logy

D = w[|d|N(f)le

li(x)

The proof of the Main Theorem is based on a study of the distribution of the
zeros of Hecke L-functions. The methods used are generalizations of those used by
Titchmarsh and Paige to study the zeros of Dirichlet’s L-functions (Prachar
[8, pp. 97-146]). Our results are improvements of some results of Fogels [3] and
Mitsui [7]. Fogels, however, only considers ideal class L-functions whose infinite
components are trivial. Further, his zero-free regions depend in an undetermined
way on n. Some of Mitsui’s results are proved for general grossencharacters, but
they also depend in an undetermined way on the ground field K.

§2 will define notation and conventions. §3 will study the distribution of the
zeros of zeta functions with grossencharacters. §4 will prove the Main Theorem.

The author owes a great debt to many people who have inspired and given
helpful advice during the preparation of this paper. Especially, he would like to
thank Dr. Oscar Goldman, in whose course on algebraic number theory the author
first learned of Artin’s conjecture. Thanks also go to Drs. Tamagawa, Furstenberg,
Schacher, Randol and Steinberg, who patiently attended my seminar at Yale
University and listened to the paper in a nascent state.

Our results were announced in [4].

2. Conventions; Notation. Throughout the paper, we will denote by L(s, x) the
L-function attached to x:
)
L(S, X) = L’ Re (S) > 1,
w.g:l NS
where U runs through integral ideals of K. It will sometimes be necessary to view

x as defined modulo some ideal f other than f,. Whenever y is so considered, we
associate the L-function

L(s, x,f) = z 3(\%2, Re (s) > 1.

@N=1
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Define

L*(S, X’f) = L(S, X’f)’ X 9é Xo»
= S(S— I)L(S, Xaf)’ X = Xo»

and set L*(s, x)=L*(s, x, f;). It is well known that L(s, x) has an analytic continua-
tion as a meromorphic function having at most one pole. This pole is a simple
pole located at s=1 and is present only when y is trivial. Define

@1 R(s, ) = B-L*(s, ) ﬂ F(n,(s+i<p2,)+|m,)

j=1
22) # = [277:(2m) "IN ([,
Then R(s, x) is an entire function of finite order and

2.3 R(s, x) = W()R(1—s, %),

where |W(x)| =1 (Tate [10]).

We will denote by {(s) the Dedekind zeta function of K.

We will utilize the Landau O- and o-notations. We will agree that, in any formula
containing an O-term or o-term, the constant implied by the O- or o-term will not
depend on any quantity explicitly appearing in the formula, unless otherwise
stated. The dependence of the O- and o-terms on other parameters will always be
explicitly spelled out. We will have occasion to write down constants whose actual
value is unimportant, but which are independent of all parameters entering into
a discussion. Such absolute constants will be denoted by subscripted, lower-case
¢’s, numbered consecutively in each section. Certain other constants will depend
on the choice of A. These will be denoted by subscripted, lower-case a’s, numbered
consecutively in each paragraph.

3. The zeros of Hecke L-functions. In §3, we will find zero-free regions for
L(s, x) such that the dependence of the shape of the regions on the parameters on
K and y is explicit. The shape of the regions will depend on whether or not y is
real, that is, whether or not x2=yx,. In subsection 3.1 we will derive certain results
which are valid for both real and complex y. §3.2 will derive the zero-free region
when y is complex. §3.3 will consider y real.

3.1 Some general lemmas.

LeMMA 3.1.1. Let A>0, o and t be real, 0 <e<1%. Then there exists a constant a,,
independent of K, e, o, t and x € B(A) (but possibly depending on A) such that

IL*(e+it, x, /)| £ ale "N(fIf)Ud|N(L)(t]+2)" 10+ (x # xo),
IL*(cr+it, Xo,f)] < ai's_"N(f/ﬂo)[Ile(fz)]u”_a)/2[|t| +2](n+4)(1+c—a)/2

uniformly for —e<o=<1+e.
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Proof. One can immediately reduce the argument to the case f=f,. The proof
of the assertions for y# x, and x =y, are similar. Let us give only a sketch of the
former. Trivially, we have

3.1 |[L*(1 +e+it, x)| = (2/e)™
By the functional equation (2.1) and Stirling’s formula, we see that
3.2) |L*(—e+it, )| < aje=mAn|t|r2+or2,

A routine application of the Phragmén-Lindel6f theorem suffices to complete the
proof.

LeEMMA 3.1.2. Let ¢>0, o> 1. There exists a constant ¢, =c,(¢), such that

18 (0)/Ek(o)] = (1+2)[(o—1)
whenever o <1+ c,/n log (2|d|).

Proof. We use the following result of Landau (Titchmarsh [12, p. 49]): If f(s)
is analytic in the disc {|s—so| =r}, and if | f(5)/f(s0)| = M for |s—so| <r, then

f(s) -1
—— — s__
where ¢, does not depend on f, M, or r, and the sum runs over all zeros p of f
in the disc {|s—so| =r/2}. For our application, set r=2, so=23/2, f(s)=(s—1){x(s).
Lemma 3.1.1 implies the existence of an absolute constant c; such that |f(s)|
<c3|d|=M in {|s—so| £2}. Then the above-cited result implies that

=

(_&_lngAl’ Is_sol é r/4,

Lx(9) -1_ o—p)~1

Therefore,

< cnlogd]),  lo—3/2] < 3.

?;gg — —(o—1)"4Re [,,Z (o—p)'l] +c46n log (2]d)),

where 0= 0(c) satisfies |6] <1. For o> 1, we have {(0)/{x(¢) £0. Also Re (¢—p)~?*
20 since =1 and {x(0)#0 in this region. Therefore,

18k (@)/Lk(@)] < (6—1)"*+csn log (2]d]).
Choosing c¢;<efcs, we see that csnlog(2|d|)<e/(c—1) provided that o<1
+c¢,/n log (2]d|). This proves the lemma.

3.2 L-functions with complex grdssencharacters. Tkroughout §3.2, let x be a
primitive, complex grossencharacter of K. Our object is to prove

THEOREM 3.2.1. There exists a constant a, such that L(s+it, x)#0 whenever
x € #(A) and
o 2 1—a/y(t) z 3/4,

where
7(t) = 7(t, K, x) = nlog{|d|N(f)(|t[+2)"}.
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Proof. Let p=8+it; be a zero of L(s, x) such that 7/8 <B<1. Since L(s, ¥)~
=L(3, x), it suffices to consider the case #; =0. Let B=1—b/x(t;), b>0. It suffices
to show that there exists a constant a, such that b> a,.

Set oo=1+a[2y(t,), so=00+it;, where 0<a=% will be chosen later, subject
only to the condition a<as. It is clear that L(s, x) #0 in the semidisc

{ls—so| =r =14, Re(s—s0) 2 O}

If a<as, then p is contained in the disc {|s—so| <r/2=1%}, since B=7/8. A trivial
computation shows that

[L(so, )| = ca[da™ n(t)]"
By Lemma 3.1.1, we see that for s=o+it, |s—s,| <4, we have
IL(s, ¥)| = at|d|N(f)(t:+2)"2
Thus, for |s—s0| £3,
|L(s, x)IL(s0, )| S aBld|N(f)(t1+2)"a""n(1)" = M,
and
log M = ag{n(t,)+nlog (a=*)+nlog n}.

From [8, pp. 384-85], we deduce that

L’(SO9 X)

3.3) Re\ Tiso, 0) Z (00—B) "' —ar{n(t) +nlog (a~*)+n log n}

= —a;{nlog (a~Y)+nlogn}+{(a/2+b) " —a;}n(t).

Applying identical reasoning to L(s, x% f;), with s, now equal to o,+2it,, and
applying [8, Theorem 4.5, p. 384], we see that

L'(0o+2its, X5 f)
(34) Re L(00+2it19 Xz’f;) =

Let ¢>0 be given. By Lemma 3.1.2, there exists ¢, =cy(e) such that
18x(00)/Ex(00)| = (1+¢)f(oo—1)

for a = ¢;. Throughout the remainder of the proof, assume that a <c,. Then

(3.9 Re {{i(00)/Lx(00)} 2 —2(1 +e)n(ty)/a.

From equations (3.3)-(3.5) and Hadamard’s classical lemma [14, p. 125], we
derive

—ag{n®>+nlog (a=)+(t)}.

(3.6) {-6(1:‘)+3/—2f‘ﬁ—a9}n(t1)—ag{n log (a-Y)+n% 0.

Choose e<1/3, so that
—6(1+¢)/a+8/a > 0.
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Then, for a<a,o=a,¢(4, ¢),
{—6(1+¢)/a+8la—agin® log 2—ag{nlog (a~*)+n?} > 0.
Therefore, for b<a,,,
{—6(1+¢)/a+4/(al2+b)}—ay{n log (a~Y)+n?} > 0,

which contradicts (3.6). Therefore, > a;,, which proves the theorem.

3.3 L-functions with real grossencharacters. Throughout §3.3, let ¥ be a real,
primitive grossencharacter of K. In order to find uniform, zero-free regions for
L(s, x), it will be necessary to consider separately the zeros of L(s, x) on and off
the real axis. Our main results in this paragraph are:

THEOREM 3.3.1. There exists a constant a,=a,(A) such that L(o+it, x)#0
whenever x € %(A) and
o = 1—ay/y(t) = 3/4, t #0,
where
7(t) = nlog{|d|N(f)(|t[+2)"}.
THEOREM 3.3.2. Let K/Q be normal and let e>0 be given. Let B=1—38 be a
real zero of L(s, x). Then there exists a,=ay(e, A), such that
8 > ay/lld|N(fY)F, Bz 3/4
Together, Theorems 3.2.1, 3.3.1 and 3.3.2 imply
THEOREM 3.3.3. Let K/Q be normal and let x be an arbitrary primitive grissen-

character of K. Let ¢>0 be given. Then there exists a constant a;=as(A, €) such that
L(o+it, x) #0 whenever x € #(A) and

o 2 1-ag/[|d|N(f)I'n(r) = 3/4.
Our plan is to prove Theorems 3.3.1 and 3.3.2 first in the special case x=yo.

In this case, L(s, x) ={x(s). Let p=p+it, be a nontrivial zero of L(s, x). As in the
proof of Theorem 3.2.1, set

oo = 1+a/29(t,), So=0o+ity,

where a is a positive constant to be chosen later. Define F(s)=x(s)/{(s). A well-
known theorem of Brauer [6, p. 135] asserts that F(s) is entire. We require two
lemmas:

LeMMA 3.3.4. Let v(r, t: K) denote the number of zeros of x(s) in the disc
{s| |s—1—it| r}. Then, for n|n(t)<r=<4%, we have v(r, t: K) = cim(2).

Proof. Using the same reasoning as used in the proof of Lemma 3.1.2, we
deduce that

%(s)+(s—1)—1_2(s_p)-1 < eot),  ls—1-it] <3,
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where the sum is over the zeros p of {(s) in the disc {s | |s—1—it| =1}. Thus,

2n l(1+’)
r =TI
Lx(1+r+it)
{x(1+r+it)

(1 +r+it)
Re {{K(l Frei)

~Re (z=1)7'+Re 3 (z—p) "~ can(?),

IV

1\

[\

v

where z=1+r+1it. But this latter expression is at least
Re > (z—p) —can(t) 2 (1/4r)(r, t: K)—can(?),
o

since n/y(t) Sr<4. Thus the lemma follows.

LEMMA 3.3.5. Let ¢ be an absolute constant such that 0< |t,| <cn[n(t,). Given
e>0, there exists ag=ay(e, ¢) such that

Re {F'(so)/F(s0)} £ (1 +¢)/(c0—1)
for all a=< a,, provided that c is sufficiently small.

Proof. Assume that the assertion is false. Then there exists ¢, >0 and a sequence
of ordered pairs (a,, Ky)i<m<wo, With @,>0, a,—0 as m — oo, K,, a normal
extension of Q such that

Re {Fx,(sn)/Fx,(sn)} Z (1+20)/(on—1),

where S,=0,+it;, on=1+an/29(t,), Fx(s)="Lx(s)/{(s). Apply the lemma of
Landau cited in the proof of Lemma 3.1.2 to the entire function Fy (s) in the
disc of radius 1, centered at 1 +it,. In the disc [s—1—it;| <4,

é (,'47]([ 1)9

Gl 06 o
O O

where the sum is over all zeros p of Fg (s) in [s—1—it,| <4. Without loss of
generality, assume that o,, <5/4 for all m. Then

Lk (Sm) . U(sn)
Re (g = Re {fo + 3 a7 et

where |0|<1. Since a,—0, for all sufficiently large m we have |fcyn(t,)|
=< ¢/2(0,,—1). Thus, for all sufficiently large m,

Re D (sa=p) 7" Z (1+e0/2)/(on~1).
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From the proof of Lemma 3.1.2,

S2a%) — (o~ 1)1+ Re 3 (on—7) 1+ Feen(ty),
CKm(am) T
where |6'| <1 and 3 is the sum over all zeros 7 of {x (s) in the disc {s | [s—o | <1}.
But the left-hand member of this last equation is nonpositive, so that for m
sufficiently large,
Re > (on=7)7" < (1+20/4)/(on—1).

1

Therefore,

v

|om—5ul 2, ISm—pl "*om—p| " Z Re D [(sn—p)"*—(on—p) "]
4 4

> eo/2(0n—1).
But since || = cn/n(t,),
a7 2. lsn=p™* 2 eo/2an=Dlt|
= cenn(t,)?/can,
where ¢g=cg(go). On the other hand,
(33) 2 lsn=pl72 = 2% Isn—p 2+ 27 Isn—p| 2,
3 0 3

where 2@ and @ are, respectively, sums over the zeros p of {x (s) in the disc
{z | |1+it,—z| <nn(t,))} and the annulus {z | n/y(t,) < |1 +it,—z| £1/2}. But the
right-hand member of (3.8) is at most

D lsn—1=its| 2+ > |1+it,—p| -2
o o

4n(t,)? 12 4 K,
% nn(t), t1: Kn)+ ur i Kn) g

3
nin(ty) r

IA

(3.9

IA

8ny(11)?(az,

for m sufficiently large. Therefore, by (3.7) and (3.8), we derive cg/ca, <8/aZ,
which is a contradiction if ¢ is sufficiently small. This proves the lemma.

Proof of Theorem 3.3.1 in case x=y,. In this case, L(s, x)={x(s). In the portion
of the critical strip defined by |¢| = 1, we can apply the same reasoning as was used
in the proof of Theorem 3.2.1, thereby proving the existence of a zero-free region
of the required shape. Thus, we need consider a zero p=8+it; of {¢(s) such that
7/8<B<1, 0<|t;| 1. Using Lemma 3.1.1 and the fact that {(s)#0 in the strip
{o+it| ¢20,0=¢<1}, one can deduce the following estimate:

(3:10)  |F(9)/F(so)| < cta=*Pn(e)"|d|’(|aa[ +2)°",  |s—so| < %
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Reasoning as in the proof of Theorem 3.2.1, we derive

(3.11) Re % 2 —cyfnlog (@) +nlog n]+[(a/2+b) 1 —cJn(ty),
(3.12) Re % 2 —cg[n?+nlog (@) +n(t)]

Let ¢ be an absolute constant to be fixed later. We distinguish two cases.
Case 1. |t;| Z c[n(t,).
There exists a constant ¢, such that

Lotit)| . Cq
Uo+it) | =.|o+it—1]

12052 0<]|t|=1

Therefore, if |#,| <c/n(t,),
[8'(s0)/U(s0)| = csm(ty)-
Thus, from (3.10) and (3.11), we see that

Lx(oo+ity)
Re Lx(oo+ity)

{x(oo+2it,)
Lx(oo+2ity)

2 —celnlog (a™")+nlog n]+[(a/2+b) ™! — csIn(1y),

Re > —cq[n?+nlog (a=Y)]—cm(ty).
From these two equations, we proceed exactly as in the proof of Theorem 3.2.1
to arrive at our result.

Case 2. 0< |t;]| < c/y(t,).

Since y is real, p’ =B —it, is also a zero of {x(s). Applying [8, Theorem 4.6, p. 385]
to equation (3.10), we derive

Re {%%} = —cglnlogn+nlog(a=Y)]+[(a2+b)?! c°]1’(t1)+W)_2€-4t2

Let ¢>0 be arbitrary. By Lemma 3.3.5, we can choose a,=ay(e) so that

F'(so) | + € 2(1 +e)m(ty)
Re {F (50) < a

for all a<a,. Thus, for a<a,,

(00— 0103)2&4& < cg[nlogn+nlog(a=Y)]+ [2(l+8) (@/2-b)" 1+Cg]7](t1)

But nlog n=cyon(ty), nlog (@a=)<cy; log (@~ *)(t,), so that

oy — 2(1+¢
(oo—/()g)2f-4t12 s [ (+ )—a/21+b+c” log ("_l)+c1°]"(t1)'
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Choose a=al(e) so that c,;0=¢/2a, ¢;; log (a~!)<e/2a. Then a simple calculation
shows that

al2+b =

[2+3e_ 1
a a2+b

Set e=1/16. If b<a/l6, then the last inequality yields a/2+b<a/4, which is a
contradiction. Thus, b=a/16, and p lies outside the region defined by

oz 1—a3m(t) = 34, t#0.

] [(a/2+b)2+4c2].

Thus, the particular case of Theorem 3.3.1.

LEMMA 3.3.6 [6, p. 134]. Let K/Q be normal and let ¢e>0 be arbitrary. Then
there exists a constant ¢, =c,(e) such that Re s;_,{x(s) = ct|d| .

Proof of Theorem 3.3.2 in the special case x=yx,. Let ¢>0 be arbitrary. Set G(s)
=(s—1)Zk(s). By Lemma 3.1.1, there exists a constant ¢, such that

|G(s)| = cte~™[d|*?,  [s—1] < ¢]2.
By Lemma 3.3.6, |G(1)| = c3|d| ~¢'2, ca=c4(e). Now for |s—1| <e/4, we have

IG'(9)] =

! f _Gw)_ dw| < c3|d|*?, ¢z = cg(e).
|

2mi w-si=ea (W—5)?
By the mean value theorem,
c3ld| =" £ G(1)—G(B) = 8G'(s), PB<o<l, &§=1-8
We may assume 8= 1—¢/4, in which case,
3 = c3|d|~*?|G'(0) 2 cild|™5,  ca=ca(e).

This proves Theorem 3.3.2 in the special case.

Proof of Theorems 3.3.1 and 3.3.2 in the general case. Let y#y, be a real
grossencharacter of K. Let H be the group of all ideals of K which are prime to
f=f,. If Hy= H is the subgroup consisting of all ideals on which y is trivial, then
[H:H,]=2 and H, is a ray class group modulo f. Let L be the class field correspon-
ding to H,. Then L/K is a quadratic extension, so that L has absolute degree N=2n
and absolute discriminant D= N(f)d®. Moreover, {.(s)="ZLx(s)L(s,x). From the
special case of Theorem 3.3.1 proven above, we deduce that {;(o+it) #0 for

> 11— 2! >§
2 =N log (DI(r1+2") = 7

Thus, L(o+it, x) #0 for

t#0.

c=1— Ca > §
= n?log{|dIN(f)(t|+2)"} = 4

This is the general case of Theorem 3.3.1. The general case of Theorem 3.3.2 is
proved similarly.

t#0.
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4. The generalized Siegel-Walfisz theorem. In the present section, we will
utilize the uniform zero-free regions of §3 to prove the generalized Siegel-Walfisz
theorem. Throughout §4, let 0 <e=<1 be fixed but arbitrary. Set

7(t) = n(t, K, x, &) = a~"n[|d|N(f)) log [||N(£)(|¢|+2)],

where a=a(A, ¢) is the constant of Theorem 3.3.3, which we suppose to be at
most 1.

LemMMA 4.1. Let K[Q be normal. Then there exist constants ¢, = c,(¢) and ¢, such
that

L'(a+1t, x)_ E®x)
ot y) otit—T| = cm®)
in the region 1 —cy[n(t) S0 =<2.
Proof. If 1+c,/7(t)S0=2, we have
L'+it,y)| o _Llo) . _ L)
Lot | = Teo) = "oy = )

lo+it—1|~* < 9(2).

Thus, the lemma is true if 1+c,/p(¢)<0=<2 for any c,. In order to prove the
desired estimate for some region of the form 1—c/n(t)<o=1+c[y(t), we will
apply [8, Theorem 4.6, p. 385] with F(s)=L*(s,x), r=%, So=0o+its, 0o=1+
¢/n(t,), with t, arbitrary and 0<c<% chosen as follows: Let ¢<1/16 be chosen
so that
|L*'(s0, x)/L*(0, x)| S €s/(00—1)

for 1<o,=<1+a/n(t). This is possible by Lemma 3.1.2. Also, choose ¢ so small
that L*(s, x) #0 for |s—so| <r, 02 1—3¢/n(t,). Set ry=2c/n(t,) <r/4. Then F(s)#0
for |s—so| £7/2, Re (s—s50)2 —2r,. By Lemma 3.1.1, for |s—so| <r, |F(s)/F(so)|
<M, where

@1 log M =< csny(ty).
Moreover,
| F’(so) é ce + 1
F(so) oo—1" [so—1]
< &
- ao - l
< canlto).

All of the hypotheses of [8, Theorem 4.6, p. 385] are thus verified, and we derive
|F($)[F(s)] < comn(to) |
for |s—so| £ry. Thus, if
1—c/n(to) = o = 1+c/n(to)
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then

L'(e+ite,x)  _ER)
L(G‘l‘ito, X) s+ito'—l

Proof of the Main Theorem. Set
W, K x) = 2 x(g)log No.

Nom=x

< con(to).

Applying [8, Theorem 3.1, p. 376] with f(s)=—L'(s, x)/L(s,x), Re(s)>1,
b=1+1/log x, T>0, x=N+14, N=a positive integer, we see that
(L [T X nx log? x
‘ﬁ(x, Ka X) = (%) f(S) ; ds+ O(T),

b—iT

with O-term constant independent of K and y. Let ¢, =c,(¢) be a constant chosen
so that L(s, x)#0 and the conclusion of Lemma 4.1 both hold for s=o+it in the
region o=1—c,[7(t)=3/4. Let P,, P,, Q,, Q, be the points 1+1/log x +iT,
1 —cy/9(T) £ iT, respectively; let C; (i=1, 2, 4) be the directed line segments from
P, to P,, P, to Q,, O, to P,, respectively; let C; be the curve 1—c,/y(t)+it,
—T<t<T, running from Q, to Q,. Applying Cauchy’s theorem to the region
bounded by the C, (i=1,.. ., 4), we see that

2

(4.2) ‘p(x, K’ x) = E(X)x— (2i71'i) J;, CatC f(s) x;s ds+ O(Z,X_-l_%g_X)'
2—C3+C4
By Lemma 4.1,
f f(s)’{sds‘ < com(T) [H+1flos= o
4.3) C3+Cy s =7 o
= o(ﬁ'@),
T

For s on C;, 023/4, and |s— 1|1 <(T), so that

T dt T dt
1-c,/nt) 1-cy/nt) _—____
Can:) ﬂ(t)x t+3/4+C47](T)J; X 1 t+3/4

c5m;(T)x1 —¢,/n(T) log T

IIA

x*
fca fis) = s

(4.4)

IA

Upon setting T+ 2 =exp ((log x)*/?), and possibly increasing the constant a=a(e, A)
in the definition of 7(t), we derive

4.5) W(T) £ a"n?[|d|N(f)I*(log x)*.
Therefore, from (4.2)—(4.5),
U(x, K, x) = E(x)x+ O(Dx log? x exp {—n(log x)*/2/ D}).

A standard argument using partial summation to express m(x, K, x) in terms of
¥(x, K, x) now suffices to prove the Main Theorem.
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